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Abstract 

We describe families of monotone symplectic manifolds constructed via 
the symplectic cutting procedure of Lerman [15| from the cotangent bun- 
dle of manifolds endowed with a free circle action. We also give obstruc- 
tions to the monotone Lagrangian embedding of some compact manifolds 
in these symplectic manifolds. 

Introduction 

We describe families of examples of monotone symplectic manifolds constructed 
by the symplectic cutting procedure of Lerman |15j from the cotangent bundle 
of manifolds endowed with a free circle action. 

If y is a closed manifold endowed with a free circle action, this action in- 
duces a Hamiltonian action of the circle on the cotangent bundle T*V of V. If 
H denotes the Hamiltonian associated to this action, the symplectic man- 
ifold obtained by symplectic cut of T*V at the level £, and the reduced 
manifold H^^{£^)/S^, we prove that has the following properties: 

1) (Lemma 12. 7p The manifold is a complex line bundle over Q^. 

2) (Proposition 12. 5p The quotient is a symplectic submanifold of difFeo- 

morphic to the cotangent bundle of i? = F/S^. If e is the Euler class of 
the circle bundle V ^ B and q is the projection ^ B, then the class 
of the symplectic form over is ~2'iTS^q*e. 
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3) (Proposition 12. 6p The class in i7^(Wj;R) of the symplectic form of is 

related to the first Chern class of by the formula: 

[^^1 = -2<ci(1^4). 
In particular, is monotone for negative ^. 

4) (Proposition 14. 5p The manifold is endowed with a Hamiltonian circle 

action and the sum of the weights of this action in a fixed point is equal 
to 1. 

5) (Theorem l3.3p The zero section V of the cotangent bundle can be embedded 

as a monotone Lagrangian submanifold of for any negative level ^. 

6) (Corollary I4.10p Any exact compact Lagrangian submanifold of T*V with 

vanishing Maslov class can be embedded as a monotone Lagrangian sub- 
manifold of for some negative level ^. 

In the general case of a monotone Lagrangian submanifold in a symplectic 
manifold, Seidel |21| has proved, under some assumptions on the symplectic 
manifold and the Lagrangian submanifold, that the Floer homology can be ab- 
solutely graded. He also proved that if the symplectic manifold is endowed with 
a Hamiltonian circle action, the Floer homology of the Lagrangian submanifold 
is periodic with respect to the absolute grading with period the sum of the 
weights of the action in a fixed point. Applying these results to the monotone 
Lagrangian submanifolds of the symplectic cut W^, we get: 

1) (Theorem l4.8p An obstruction result on the embedding of a compact simply- 

connected manifold as a monotone Lagrangian submanifold in a symplectic 
cut under conditions on the Euler class e. 

2) (Theorems 14.111 and 14 . 1 2 p Results on the index of the fundamental group of 

an exact compact Lagrangian submanifold with vanishing Maslov class in 
the cotangent bundle of a manifold endowed with a free circle action. 

3) (Theorem 14. 20p The monotone Lagrangian tori in a simply connected sym- 

plectic cut have a Maslov number equal to 2. 

In the first section, we explain the symplectic cutting construction for our 
specific circle action and describe it in some examples. In the second section, 
we study the structure of the spaces which appear in the construction and their 
monotonicity. The third part is essentially devoted to the monotonicity of the 
canonical embedding of V in the symplectic cut. After briefly recalling Seidel's 
periodicity results, we apply them to the monotone Lagrangian submanifolds of 
the symplectic cut in the fourth part and prove the results stated above. An 
appendix contains complements to some proofs and a discussion of the mono- 
tonicity in the case of a semi-free circle action. 
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1 Symplectic cut of cotangent bundles 

Let TT : V B he a. principal circle bundle, the base B being path connected. 
Denote by X the fundamental vector field associated with the circle action on V. 
As this S^-action is free, the fundamental vector field cannot vanish. 

Remark 1.1. We refer to avvendixWl for the study of the case of a semi-free 
circle action. 

Denote by e G H^{B; Z) the Euler class of the principal bundle tt and by Ng 
the nonnegative generator of the subgroup {e,TT2{B)) of Z. 

Example 0: In the case of the trivial bundle y = i? x — >■ i?, tt is the 
projection on the first factor, the circle action is the complex multiplication on 
the factor §^ (seen as the group of complex numbers of module 1) and the Euler 
class is zero. 

A subcase is the case of §^ acting on itself by multiplication, the quotient B 
being reduced to a point. 

Example 1: If F = S^n+i _^ ^ = CP" (n > 1) is the Hopf bundle, the Eu- 
ler class is equal to the opposite of the preferred generator of 7J^(CP"; Z) (this 
can also be considered as a choice for the preferred generator of i7^(CP"; Z)). 

Example 2: Let V be the lens space quotient of the sphere S^"+^ 

by the action of the subgroup Z/p of consisting of the p-roots of unity. 



The free action of §^ on §^"+^ enables to define a free action of §^ on Lp"+^, 
with quotient CP", such that the Euler class of the principal circle bundle 
Lp"^^ CP" is —p times the preferred generator of _ff^(CP";Z) (chosen in 
Example 1). 




CP' 
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Example 3: We can also consider the Stiefel manifold V2{M.'^~^'^) consisting 
of the pairs of orthonormal vectors of This manifold V2(]R""''^) can also 

be described as the quotient SO{n + 2)/SO{n). The subgroup 5*0(2) ~ §^ 
of SO{n + 2) acts freely on V2(K"+^), the quotient of this action being the 
Grassmannian B = G2(]R"^^) of the (2-dimensional) oriented planes in 

This Grassmannian can be identified with the quadric Q" in CF'^'^^ of equa- 

n+l 

tion — 0. To see this, we can use the first description of the Stiefel 

manifold F2(IR"+^) as a subset of {W"'+^)^: 

V2{«"+^) = {(x, y) e (M"+2)2| X • y = 0, = ||2y|| = 1}. 
The action of 5*0(2) ~ §^ can then be written: 

e'^ • (x, y) = {cos{9)x — sm{6)y, sm{6)x + cos{6)y). 

The map 

l/2(M"+2) — > CP"+i 
{x, y) I — > [x + iy] 

descends to the quotient and defines an embedding of the Grassmannian G2(M"'''^) 
in CP""*"^; the image of which is the quadric Q" (see [3]). 

For n > 3, by the Lefschetz hyperplane theorem, the embedding of the 
quadric induces an isomorphism between i/^(G2(M"+^); Z) and i/^(CP"+^; Z). 
Therefore, iJ^(G2(M"^^); Z) is isomorphic to Z, a preferred generator being 
given by the pull-back of the preferred generator of i7^(CP""''^; Z). Besides, 
V2(R."+'^) is the total space of the pullback of the Hopf bundle CF"+^ 
by the embedding j of G2(R"+^) in CF"+^: 

j*§2n+3 ^ V"2(R"+^) ^ §2n+3 



G2(M"+2) ^ CP"+i 

Indeed, with the map V2(M"+^) §2n+3 gj^en by (.t, y) -^{x + iy) and the 

_ v2 
projection V2(M""''^) — s- G2(M"'''^), the above diagram commutes. We deduce 
by naturality of the Euler class that; 

e(y2(K"+2) ^ G2(K"+2)) ^ j^e(§2"+3 ^ CP"+i) 

and hence, for n > 3, the Euler class of the bundle V^2(K"+2) G2(M"+2) is 
equal to the opposite of the generator of G2(M"'*'^). 

For the low dimensions n = 1 and n = 2, the description of the Stiefel manifolds 
and the corresponding Grassmannians are well known (see for instance |13)). 
The long exact sequence associated with the principal circle bundle V2{M."'~^'^) — )■ 
G2(M"+^) gives the numbers: for n = I, Ne = 2 and for n = 2, Ne = I. 
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Associated Hamiltonian action on the cotangent bundle 

For u £ E>^, denote by p{u) : V ^ V (defined by p{u){x) = u ■ x) the action 
of on V . With this circle action on V is associated a §^-action on T*V: 

§1 X T*V — > T*V 
{u,{x,(f)) I — > {u-x,u-(p) 

where 

u-ip^ \T^p{u)-^){^), 

namely, if v e T^-xV , then 

u-ip^ ip{Txp{uy^v). 

If T*V is endowed with its canonical symplectic structure, this action is Hamil- 
tonian with Hamiltonian function: 

H : T*V — > R 

{x,ip) I — > {ip,X{x)) 

(see for instance [161 exercise 3.12]). 

This action is free since the circle action is free on V and the canonical 
projection py : T*V V is an equivariant map. 

In particular, this action has no fixed point, the associated Hamiltonian 
vector field Xh does not vanish (because the projection of Xh on TV by Tpv 
is X, a vector field that never vanishes) and all the values of the Hamiltonian 
are regular. 



Symplectic cut of the cotangent bundle 

A symplectic manifold endowed with a Hamiltonian circle action being given, 
Lerman [15] has developped a construction which enables to embed the re- 
duced spaces as codimension 2 symplectic submanifolds of a symplectic manifold 
(called symplectic cut) 

We describe this construction in the case of the cotangent bundle T*V. This 
symplectic cut is naturally endowed with a Hamiltonian circle action (Propo- 
sition 14. 5p . We are interested in the monotonicity of this symplectic manifold 
(Section in order to apply a result of Seidel [3T] (reminded in Section BTTj) on 
the periodicity of the Lagrangian Floer homology. 

To define the symplectic cut construction, we consider the following Hamil- 
tonian action of §^ on the product T*V x C : 

§1 X {T*V X C) — > T*V X C 
{u,(x,ip,z)) I — 5- {u ■ x,u ■ (p,uz) 

with associated Hamiltonian: 

H : T*V X C — > M 

{x,(p,z) I — > H{x,Lp) - ^\z\'^. 
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As for H, this action is free and the levels of the Hamiltonian H are regular. 
Let ^ e K be a (regular) value of H. The level H^^{^) is the disjoint union 

of 

{{x,ip,0)\H{x,ip)=^}, 
diflteomorphic to and 

{{x,'f,z)\H{x,^) > e and \z\ = V2{H{x,^) - 0}, 

diffeomorphic to +00) x S^, the §^-action preserving both sets. 

Notice that §^ acts also freely on the level H^^{£^) since 

{x,(p) I — > X 

is an equivariant fibration (see Lemma 12. ip and the action is free on the base 
space. ^ 

As the action of §^ on the regular level i/^^(^) is free, we can carry out a 
symplectic reduction. Equipped with the reduced symplectic form, the quotient 

= H~^{£^)/S^ is a symplectic manifold. The decomposition above descends 
to the quotient, the image of the part H~^{^) is a symplectic submanifold of 

diffeomorphic to H~^{^)/S^ . Its complement is symplectically diffeomorphic 
to the open set H~^{^, +00) (see Figure fTTTj) . 



T*V 



V 



H 



- 



V 



Figure 1.1: The cotangent bundle (left) and its symplectic cut (right) 



Remark 1.2. //^ < 0, then H^^{^, +00) is a neighbourhood of the zero section 
in the cotangent bundle T*V and this neighbourhood is symplectically embedded 
as an open submanifold of . In particular, V is canonically embedded as a 
Lagrangian submanifold of the symplectic cut . 
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Because of Remark 11.21 and of the monotonicity condition on (Proposi- 
tion [2?6l), we will deal in the following only with the case ^ < 0. 



Example 0: Let us first study the case of the circle ^ = acting on itself 
by multiplication with quotient B reduced to a point. The fundamental field of 
the action at the point x is then ix (we consider §^ as the unit circle in C). The 
cotangent space T*S^ is diffeomorphic to S"'^ x R: if a; is a point of §^ and (p is 
an element of T*S^, there exists a unique real number A such that if = {X iu, •) 
(denoting by (•, •) the scalar product on C = K^). An explicit diffeomorphism 
from T*§^ to S"'^ X R can be given by mapping the pair {x, ip) on the pair (a;, A). 

The circle action on T*S^ can then be written on §^ x R: 

u ■ (x, A) = {ux, A) 

and the Hamiltonians become: 

H{x, A) = H{x, (f) — ip{ix) = A 

and ^ 

H{x, A, z) = H{x, (p,z) = X - -|zp. 

Thus, the level H^^{S^) = {(a;,^)| x £ S^} is a circle and the quotient = 
i?-i(0/S^ is a pointy 

For H, the level is the set {(x,C+ ^kP,^)! x S S\ z e C} and the 

quotient = H^^{£_)/E>^ is symplectomorphic to C. Indeed, the one-to-one 
map 

z ^ 

is also onto as each element 



l,^+^\z\^,x-h 



of can be written as the image by ic of a complex number {x ^z = xz here). 

Moreover, the symplectic form on is the symplectic reduction of the 
2-form WcanffiWstd where Wcan is the canonical symplectic form on r*§^ and Wstd 
is the standard symplectic form on C. But if Tis the embedding of C in H^^{£^) 
defined as : 

then 



(**^r).(Ci,c2) 



(»*(^^can ffl^^std))z(Cl:C2) 
Wstd(Cl,C2) 



since z i-> (1,^+ ^I^^P) takes value in a fibre of the projection T*E^ — > §^ and 
the fibres are Lagrangian submanifolds. 
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The manifold F = §^ is embedded as the zero section in T*V and as the 
image of the map 

X ^ [x, 0, = [1, 0, x^^] 

in if ^ < 0. Its image in C by the symplectic diffeomorphism just described 
is the circle centered at the origin and of radius y/—2^. This circle bounds a 
disc of area —2tt^ (which is also the area of the cylinder that lies between the 
zero section and the level ^) (see Figure fL2)l . 




Figure 1.2: Symplectic cut of r*§i 

In the general case of a product V = B x — ^ B, there is a symplectic 
diffeomorphism T*V ~ T*B x T*§^. The circle action on V being concentrated 
on the factor the action on T*V is concentrated on T*§^ and the corre- 
sponding Hamiltonian on T*B x T*§^ can be written, for any {{b, ip), (x, A)) S 
T*B X r*§i ~ T*B X (S^ X R), 

iJ((6,^),(a;,A)) =A. 

Thus, the symplectic cut of T*V (at the level ^) is the product of T*B and of 
the symplectic cut of T*§^ (also at the level ^) and hence is symplectomorphic 
to T*B X C. 

If ^ is negative, V = B x §>^ can be embedded as the product of the zero 
section of T*B and of the circle centered at the origin of radius -y/— 2^. 

Let us now analyse the structure of these manifolds. In particular, we would 
like to know if VF^ is monotone (see Section[2]) and in this case, if the zero section 
is monotone in (Section [3]). 
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2 Monotonicity of the symplectic cut 



Recall (see [TH] and [H]) that a symplectic manifold (VF, oj) is said to be mono- 
tone if there exists a positive constant Kw such that for any sphere : — ?> W , 

J w*uj^KwCi{[w]), (1) 

where Ci is the first Chern class of the tangent bundle TW — ?► W. 

If is a symplectic manifold, denote by Niy its first Chern number, namely 
the nonnegative generator of the subgroup {ci{W),tt2{W)) of Z. 

We will prove that the symplectic structure and the first Chern class of 
can be deduced of those of Q^. To begin with, let us investigate the reduced 
manifold = H-^{()/E^. 

2.1 The reduced symplectic manifold 

Lemma 2.1. The projection : H^^{S_) V is an equivariant fibration and 
descends to the quotients in a fibration 

[x,ip\ I — > tt{x). 
Proof. Let us begin by looking at this projection for ^ = 0. In this case, 
go: {{x,^)\{^,X{x)) =Q} V 

{X,ip) I — > X 

is a vector subbundle of the cotangent bundle T*V ^ V : it is the annihilator 
of the vector field X in the cotangent bundle. Descending to the quotients, go 
is also a vector bundle over B. 

Let {ax\x^v be a family of linear forms ax € T*V such that for all x ^ V , 
{ax, X{x)) = 1 and for all m G S"'^, Uu x = u ■ Ux- For instance, it can be defined 
using an §^-invariant Riemannian metric g on V and setting ax = gxi' ,X{x)). 
For any ^, this allows to define an equivariant diffeomorphism 

{x,(p) I — > {x,(p-(,ax). 

such that qe =qQO^^. 

Descending to the quotients, the diffeomorphism $^ defines a diffeomorphism 
: — > Qo such that q^ ^ qo o □ 

Corollary 2.2. The level H~^{0) (and hence as well) has the homotopy 

type of V and the quotient Qo (and hence as well) has the homotopy type 
of B, the homotopy equivalence being given by the projections. 
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Furthermore, the fibre bundle qq is a particular fibre bundle on B: 

Lemma 2.3. The space Qq endowed with the symplectic form obtained by re- 
duction of the canonical symplectic form on T*V is symplectomorphic to the 
cotangent bundle T* B . 

A proof of Lemma [2?3l can be found in [U Section 5]. 

Corollary 2.4. The first Chern class ci{TQ^ ~^ Q^) ofQ^ is zero in H^{Q^; M). 

Proof. Thanks to Lemma 12.31 Qo is symplectomorphic to T*B. As the first 
Chern class ci {T{T*B) T*B) is a 2-torsion element in H'^{T*B;Z) (because 
the restriction to B of the tangent bundle of T*B is isomorphic to the complex- 
ified bundle of a real bundle, see [TT]), ci{TQo Qq) is 2-torsion element in 

Moreover, varies continuously with f and the first Chern class of takes 
values in a discrete space so that Ci{TQ^ — >■ Q^) is also a 2-torsion element 
of H^{Q^;Z) and hence vanishes in H-^{Q^]R). □ 

We determine the class [lu^] of the symplectic form on with the Duistermaat- 
Heckman formula (see [10], we follow here the sign conventions of [2]): 

Proposition 2.5. The class in H^{Q^^ ; M) of the reduced symplectic form on 
is equal to: 

H] = -271-^ q^e. 

Proof. As all the levels are regular for H, by the Duistermaat-Heckman formula, 
for all Co in M, 

M - Ha] = (e - Co) {-2ne{H-\0 ^ 

in iJ^(Qj,-|;M) where e{H^^(S^) Q^) is the Euler class of the principal circle 
bundle: ttq : H-\^) Q^. 

We have now to compute this Euler class e(i?^^(C) —J- Q^)- As the bundle 
iJ~^(C) — > is the pullback of the fibre bundle n -.V ^ B hy the projection 
95 : ^ B: 

Q.^^B 

we have by naturality: 

e{H-\£,) ^ Q^) = ql {e{V ^ B)) = q^e, 

where q^ : H'^{B;Z) — >■ H^{Q^;'Z) is an isomorphism. 
Eventually, the Duistermaat-Heckman formula gives: 

K]-Ko] = (e-eo)(-2^o:e). 
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For ^0 = 0, (Qo)'^o) is symplectomorphic to the cotangent bundle (T*i?, cjcan)- 
But Wean is an exact form, hence the class [wcan] and a fortiori the class [ujq] 
vanish, so that the Duistermaat-Heckman formula becomes with = 0: 

□ 

We could have also used [1] section 5] and describe as a magnetic cotan- 
gent bundle. Recall that a magnetic cotangent bundle is a cotangent bundle 
q : T*B — > B whose symplectic form differs from the canonical symplectic form 
by a perturbation q*a where cr is a closed 2-form on B. Here a — ^F{a) where 
F{a) is the curvature of a connexion 1-form a on the fibre bundle n : V ^ B. 

Example 0: In the case of the trivial bundle, is symplectomorphic 
to T*B for all ^, as the component in T*B of the 1-form a vanishes. The 
2-form u!^ is always exact and [uj^] = in H'^{Q^„;K.) as confirmed by Proposi- 
tion [231 

Examples 1, 2 and 3: In the case of the Hopf bundle for n > 1 (and 
similarly in the case of the Stiefel manifolds for n > 3), the class [uj^] is equal to 
-2tt times the pullback on T*CP" of the image in ^^(CP"; R) of the generator 
of i?2(CP";Z) (respectively the pullback on T*G2(K"+^) of the image of the 
generator of i/^(G'2(K"+^); Z)). In the case of example 2, this class is ~2ttp 
times the generator. 



2.2 Consequences for the symplectic cut 

In this paragraph, we want to prove the following: 

Proposition 2.6. IfV^Bisa principal circle bundle and if^<0, then the 
symplectic cut is monotone and contains V as a Lagrangian submanifold. 

This proposition is a consequence of the bundle structure of : 

Lemma 2.7. The quotient is the total space of a complex line bundle 
on Q^, namely the complex line bundle associated with the principal circle bun- 
dle: i?"i(e) ^ Q^. 

Proof. By definition, the complex line bundle associated with the principal circle 
bundle H-^{^) is iJ^HO Xgi C ^ where acts on iJ^HO x C by: 

u ■ {x, (p, z) — {u ■ x,u ■ tp, uz) 

and the map 

(x, yj, z) I — > {x,Lp - \\z\'^ax,z) 

is an equivariant diffeoniorphism for the actions of It descends to the quo- 
tients as a diffeoniorphism IVj — > H^^{£) Xgi C. □ 
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Corollary 2.8. (i) The projection : is a homotopy equivalence. 

As a consequence, it is also the case for q^op^ '■ — > B. 

(ii) The first Chern class of the bundle p^ : — > is equal to the Euler class 

of the circle bundle: H~^{£^) — > Q^. 

(iii) The bundle p^ : — > is the normal bundle of in . 

Proof of (iii): By Lemma [2.71 — ?> is isomorphic to tlie bundle 
H-'^{^)xsiC ^ Q^. But (see [HI remark 1.7]), tliis bundle H-^{^) XgiC ^ 
is the normal bundle of the reduced space in W^. 

Indeed, we have described a diffeomorphism _ff~^(^) x C ^ H^^{^) that 
induces an isomorphism between the tangent bundles: 

T{H-\0 X C) ^ TH-\^). 

Hence, if : H-^{^) -ff^HO denotes the injection of iJ^HO in H~^{^), 
then j*T {H-\0 x C) ^ f^TR-^iO- 

But j|T (i?~^(^) X C) is isomorphic as a bundle on iJ^^(^) to the Whitney 
sum of TH-^{0 and of the trivial bundle H-\£,) x C. 

All the maps above are equivariant under the circle action and induce an 
isomorphism of bundles on : 

i}TW^c^TQ^®{H-\C) XgiC), 

denoting by : — !> the embedding of as the zero section of W^. □ 

From Corollary we get the first Chern class of TW^ Wj: 
Lemma 2.9. The first Chern class ofW^ in H^{W^;R) is 

ci{W^) = (gc oK)*e. 
Proof. By part (iii) of Corollarv l2.81 

c^it^TW^ ^ Q^) = ilc^iTW^ ^ W^) = ci{TQ^ ^ Qi) + ci{W^ ^ Q^) 
and if we apply the inverse isomorphism p| of i|: 

ciTW^ -> w^) = p} (ci(TOe ^ Qi) + ciiw^ ^ Qe)) . 

But, by Corollarv l2.41 the first Chern class ci {TQ^ — > Q^) vanishes in H'^{Q^;M.) 
and the relation becomes in H'^{W^;M.): 

ciiTW^~^W^) = plici{W^-^Q^) 

□ 
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Corollary 2.10. The first Chern number Nw^ o/ is equal to Ne (the non- 
negative generator of (e, 712(3)) ). 

The bundle structure of — > allows also to determine the class of the 
symplectic form on W^: 

Lemma 2.11. If uj^ denotes the symplectic form on defined by the sym- 
plectic reduction, then 

in H^(W^;R). 

Proof. As is a symplectic submanifold of W^, we have 

•* w 

(still denoting by i^ the embedding of in W^) and hence 

[w^] in H^{Q^;R). 

Applying the inverse isomorphism of i|, we get 

[ujf]=pl[uj^] in H'^{W^;m.). 
But we have proved that [u^] = —27T^q^e, thus 

□ 

Proof of Proposition \2.(A We can now compare the class of the symplectic 
form [ujf] and the first Chern class ci{W() in H^{W^-m): 

[uf] = -2^:^c^{W^) 
Together with Remark 11.21 this equality gives the proposition. □ 

Remark 2.12. It is also possible to carry out the symplectic cutting with the 
Hamiltonian 

{x,ip,z) ^ H{x,ip) + -|z|2 

instead of H . In this case, it is the open subset H~^{—oo,£^) that embeds in the 
new symplectic cut and the first Chern class is ci{W^ ~^ Q^) = iQ^°Pi)*i~^)- 
Thus, it is for ^ > that is monotone and contains V as Lagrangian sub- 
manifold. 

Let us look again at our examples. 

Example 0: In the case of the trivial bundle, the Euler class and the class 
of the symplectic form are trivial in i/^(W^;R). We already know it, since 
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is then symplectomorphic to the product of a cotangent bundle and C. 

Example 1: In the case of the Hopf bundle, the reduced manifold is 
simply connected, with first Chern number Nw,, ~ 1- For ^ < 0, it is mono- 
tone and the sphere §^"+^ can be embedded in as a Lagrangian submanifold. 

Example 2: In the case when V = L"^^^ is the 2n + 1-dimensional lens 
space, Wc is a simply connected symplectic manifold, with first Chern number 
Nw/: = P- It is monotone for ^ < and the lens space Li^^^ can be embedded 
in as a Lagrangian submanifold. 

Example 3: For n > 3, G2(IR."+^) is simply connected and the Euler class 
of the bundle y2(K"+^) G2(K"+2) is equal to -1 times the generator. The 
symplectic cut is hence a simply connected manifold with first Chern number 
Nwi; — 1. For ^ < 0, VF^ is a monotone symplectic manifold, in which the Stiefel 
manifold V2(M"+^) is embedded as a Lagrangian submanifold. 

For the low dimensions n = 1 and n = 2, the Grassmannian G2(K"~''^) 
and the symplectic cut are simply connected with Chern numbers: for n = 1, 
Nw^: = 2 and for n = 2, Nw^ = 1- 



3 Monotonicity of the Lagrangian submanifold V 
in W 

We still assume that V B is a principal circle bundle and that is the 
symplectic cut of the cotangent bundle of V at the level ^ for a negative real 
number ^ (in order to simplify the notations, we will omit all the indices ^ in 
the following). 

Recall (see [18]) that a Lagrangian submanifold i of a symplectic mani- 
fold {W, Lo) is monotone if there exist a positive constant Kl such that for all v 
in TT2(W, L), 

J V*UJ ^ KLflL{v) 

where fiL ■ t^2{W,L) — > Z denotes the Maslov class of L in (we will recall the 
definition of the (relative) Maslov class in the proof of Lemma 13. 5p . 

Moreover, if L is a Lagrangian submanifold of a symplectic manifold W, it 
is known (see [18]) that W must be monotone and that the constants Kw and 

satisfy: 

Kw = 2Kl. 

We will also denote by Nl the Maslov number of L, namely the nonnegative 
generator of the subgroup (/i^, 7r2(W, L)) of Z. 



14 



Remark 3.1. (i) If a disc v ofn2{W,L) is the image of a sphere w ofT:2{W), 
we have the equalities: = 2ci(w) and J v*U! = J w*uj (see for in- 

stance J18\/). In particular, always divides 2Nw, 

(ii) In the case of a simply connected Lagrangian submanifold L, the map 
'^2{W) — > 7r2(VF,i) is surjective. Consequently, if W is monotone, L 
is monotone and Nl = 2Ny[/- 

In [5], Biran used a remark similar to (ii) for submanifolds L such that 
Hi{L;Z) is of q-torsion (i.e. for each a G Hi{L]1),qa = 0). Here, we will use 
the following: 

Lemma 3.2. If L is a Lagrangian submanifold of a monotone symplectic man- 
ifold iW,uj) and if 'Ki{L) is of q-torsion (namely a'' = I for any a ofTTi(L) with 
q 0), then L is monotone in W and 2Nw divides qN^ ■ 

Proof. As W is monotone, there exists a positive constant Kw such that for 
any w in tt2{W), 

j w*uj^KLtiL{v)- (2) 

Let V be an element of 'K2{W, L). The boundary of v is an element of 7ri(L) 
and thus if L is of g-torsion, (9w)^ = d{v'^) = 1 in 7ri(L). This means that u"? is 
a sphere w oiW. 

We have then the following relations: 

2ci{w) = ^Liv") = q^lL{v) (3) 

and 

j w*uj^ j {viyuj = q j v*LO. (4) 

The relation ^ implies: 

q j v*uj = 2Kwqt^L{v) 

and hence the monotonicity of L in W, since q is nonzero. 

Moreover by relation ([3]), for all v in tt2{W,L), 2Nw divides qfjLLiv) and 
hence 2Ny/ divides qN^. □ 

Remark [XT] and Lemma 13.21 are useful to study our examples: 

Example 0: For the action of §^ on itself by multiplication, we know that 

^2(M^,§') = ^2(C,§i) ~ ^i(Si) ~ Z. 



Moreover, the Maslov class of the disc centered at the origin and of radius a/— 2f 
(a generator of 7r2(lV,S^)) is 2 (it is a disc in C) and its area is — 27r^. This 
means that the area of the disc is equal to — tt^ times its Maslov class and that 
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§^ is monotone in C. 



Examples 1 and 3: In the case of the Hopf bundle (or of the Stiefel mani- 
folds), as the sphere V = S^n+i for ^ > 1 (or the Stiefel manifold V ^ V2{K"+^) 
for n > 3) is simply connected, V is monotone in W and Ny = 2Nw = 2. 
These manifolds V are even 2-connected, hence the long exact sequence of 
the pair (W, V) gives an isomorphism between tt2{W,V) and 7r2(CP") ~ Z 
(or 7r2(G2(M"+2))~Z). 

Example 2: If V is the lens space its fundamental group is Z/p and 

in particular, tti{V) is of p-torsion. By Lemma [3.21 V is monotone in W and 
2Nw divides pNy, namely 2p divides pNj^ and hence 2 divides Ny- 

Let us prove that Example essentially describes what happens in general 
for the Lagrangian submanifold V in the symplectic cut of its cotangent bundle, 
namely: 

Theorem 3.3. Let tt : V ^ B be a principal circle bundle and let W be the 

symplectic cut ofT*V at the level ^ with ^ < 0. 

Then, t:2{W,V) is isomorphic to 7L, the Lagrangian submanifold V is monotone 
in W with monotonicity constant — tt^ and its Maslov number is 2. 

We begin with the computation of tt2{W, V): 

Lemma 3.4. Let n : V B be a principal circle bundle and let W be the 
symplectic cut ofT*V at the level ^, with ^ < 0. 

Then Tr2iW,V) is isomorphic to 1, a generator (j) being given by the image of 
the disc of C centered at the origin and of radius V— 2^ in a fibre of the complex 
line bundle W ^ Q. 

Proof. In order to prove that 7r2(VF, V^) is isomorphic to 7ri(§^), we connect the 
long exact sequence of the pair (W, V) to the long exact sequence associated 
with the circle bundle V B: 



TT2{V) 



-TT2{B)- 



-7ri(§i)- 
i * 

y 

n2{W,V) 



■MV) 
■MV) 



-MB)- 

■TTl{W) 



■0 







and we define a map $ : 7ri(§^) — > tt2{W,V) that makes the above diagram 
commute. The map $ is given by associating to a generator of 7ri(§^) a disk </), 
image of the disc of C centered at the origin and of radius y/—2^ in a fibre of 
the complex line bundle W ^ Q. (see Appendix lA.il for more details). 

By the Five- lemma, we conclude that $ is an isomorphism (hence, tt2 ( W, V) 
is isomorphic to Z) and that the image of 7T2{W) -> 7r2(W, V) is equal to the 
image of 'K2{B) — > 7ri(S"'^), namely N^Z = {e,TT2{B)). □ 
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We can determine the Maslov number of V in W thanks to the following 
commutative diagram: 



772 (W^) 



■Joe 



n2{W,V) 



7Tl{W) 



7Tl{W) 



where A„ (for n half the dimension of W) is the Grassmannian of the Lagrangian 
subspaces of M^" and A(W^) is the fibre bundle associated to the vector bundle 
TW W with typical fibre A„. 

We have /xo (cf) o e) — 2ci{W) and hence if the Euler class e does not vanish 
on TT2{B) (in particular, tt2{B) cannot be trivial), then fiy ■ t^2{W,V) ~ Z — > 
7ri(A„) ~ Z is the multiplication by 2 or —2 and the Maslov number of V is 
Nv = 2. 



In particular, if e is not trivial on tt2{B), we can say that the Maslov class 
of the generator of tt2{W,V) is 2 or —2. Unfortunately, if we want to conclude 
for the monotonicity of V, we must find out the sign of this class. We use one 
more time Example 0. 

Lemma 3.5. The Maslov class in W of the generator 4> is 2. 

Proof. By definition, we get the Maslov class of a disc v : (D^, (W, V) 

by trivialising the tangent bundle TW on the disc: 

L>2 X R2" ~ v*TW ^ TW 

^W 

As the restriction v^^i takes its values in V, {v^^i)*TV defines a loop in TV 
and after trivialisation of v*TW, a loop in the Grassmannian A„ of the linear 
Lagrangian subspaces of R^". The class fJ,v{v) is then the (ordinary) Maslov 
class of this loop of A„. 

In our case, the disc (j) lies in the fibre of — > Q. We describe TW in the 
neighbourhood of this fibre. Let U he a. contractile neighbourhood of bo in B so 
that the bundle V ^ B can be trivialised on U: 

y\u ^ w X §1 




U 



On the open subset Vp of V , the restriction of tt is a trivial bundle. We are 
therefore in the case of Example 0. This means that W\u {p ° is 
symplectomorphic to T*U x C and V|j^ is embedded in T*U x C as the product 
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of the zero section of T*U and of the circle centered at the origin and of radius 
V— 2^. The Maslov class of the disc </> is hence equal to the Maslov class of the 
loop u \/—2£^u in C, namely 2. □ 



Proof of Theorem ] 3. S\ . Thanks to the symplectomorphism between C and the 
fibre (see Appendix IA.1|) , we also know the area of the disc 0: it is equal to the 
area of the disc of C with center at the origin and radius -y/— 2^, namely — 27r^. 
As in the case of T*§\ 



In the next section, we are interested in the other monotone Lagrangian 
embeddings in a symplectic cut. 

4 Monotone Lagrangian submanifolds in symplec- 
tic cuts 

As annonced in Introduction, we will apply periodicity results of Seidel |21j to 
Lagrangian submanifolds in the symplectic cut. We recall here some general 
results on this periodicity. 

4.1 Seidel's periodicity theorem 

To begin with, let us state the theorem of Seidel [21] (see also [3]): 

Theorem 4.1 (Seidel). Let {W^lj) he a monotone geometrically hounded sym- 
plectic manifold endowed with a Hamiltonian circle action. Let w be the sum of 
the weights of the linearised action at a fixed point. 

Assume that there exists a positive integer N such that 2ci(VF, w) is mapped on 
zero in H'^{W;'L/N). 

Let L he a monotone Lagrangian suhmanifold ofW( with > 2J such that the 
modulo N Maslov class (7]^) {ti-^) of L vanishes in H^{L;Z/N). 
Then the Floer cohomology of L is (absolutely) graded hy 'Z/N and is periodic 
of period 2w. 

Let us recall how the Gauss map 7)^ and the reduced Maslov class /i^ are 
defined . 

If (VF, io) is a symplectic manifold, we consider as in Section [3] the bundle 
A(W^) -> W associated with the tangent bundle whose fibre at a point is the set 
of linear Lagrangian subspaces of the tangent space to W at that point. If L is 
a Lagrangian submanifold of W, we denote by 7]^ : L A(W^) the Gauss map 
that associates to a point of L the tangent space of L at that point. 

If {W,uj) is a symplectic manifold such that 2ci{W,uj) = in H^{W;Z/N) 
for some integer N, there exists (see for example [21]) a Maslov class /i^ in 
H^{A{W);'Z/N) that extends the modulo N reduction of the ordinary Maslov 




if V is the disc and thus for all v of tt2{W, V). 



□ 
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class on each fibre of the bundle A(W^) — >■ W. Note that when is a cotangent 
bundle, one can take = and (l^^) (a*^) is then the usual Maslov class of 
a Lagrangian subnianifold L in the cotangent bundle. 

Remark 4.2. If W is a simply connected symplectic manifold, the assumption 
"2ci{W,Uj) is mapped on zero in H'^(W;Z/N)" can be replaced by "N divides 
2Nw" and the assumption "(7)^) (m^) vanishes in H^{L;Z/N)" by "N divides 
Nl". 

We recall now how the weights of a Hamiltonian circle action are defined. 
If (W, w) is endowed with a Hamiltonian circle action, this action defines a 
map of in the group of symplectic diffeomorphisms of W: 

p: §1 ^ Sp(Ty) 

U I — > (x i-^ u ■ x) 

At a fixed point x, the linearised actions Txp(u) (for u G are endomorphisms 
of TxW whose matrices in a common diagonalisation basis have the following 
form: 

/ M™! \ 

V u™" / 

The mi's are called the weights of the action. 

Example: In [2T], Seidel applied Theorem 14. II to the projective space CP". 
Together with the theorem of Oh, 

Theorem 4.3 (Oh, |20|). Let L be a compact monotone Lagrangian submani- 
fold of a symplectic manifold (W,uj) such that > 2. 
Denote by HF{L,L) its Floer cohomology. 

(i) IfNL>n + 2, then HF{L,L) = ^H''{L]1/2); 

k 

(ii) IfNL^n+1, thenHF{L,L) = ^H''{L:Z/2) or H''{L;Z/2). 

k fe/0,n 

he proved that there is no simply connected Lagrangian subnianifold in CP" (for 
the precise statement, see [5T1 Theorem 3.1]). Seidel used the following circle 
action on the projective space: 

§1 X CP" CP" 
(u, [2]) [uzo,zi,...,z„] 

of Hamiltonian 

H{[z]) = 
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The fixed points are tlie points of tlie liyperplane zq = 0, for whicli tlie sum of 
weiglits is 1 and the point of homogeneous coordinates [1, 0, 0] for which the 
sum of weights is — n. 

We can notice that, in this example, Nw = n + 1 and that the classes of the 
sums of weights are equal in Z/Nw- Thus, we get for all the fixed points the 
same period 2 when the Floer cohomology is graded by Z/A^ with N dividing 
Nw- This is a general fact: 

Proposition 4.4. The class in TLjNy^ of the sum of weights at a fixed point 
does not depend on the fixed point. 

This may be well known to specialists. We nevertheless include a proof in 
Appendix IA.2I 



In the case of the symplectic cut of the cotangent bundle, we have: 

Proposition 4.5. The symplectic cut of the cotangent bundle is endowed 
with a Hamiltonian circle action and the sum of the weights of the linearised 
action in a fixed point is equal to 1. 

Proof. The symplectic cut of the cotangent bundle is endowed with the 
Hamiltonian circle action: 

§1 X — > 
(u,[x,ip,z\) I — > [x,ip,uz\ 

of Hamiltonian 



[x,^,z\ I — > i|z| 



2 



As the action of §^ is free on T*V , the fixed points of this action are the points 
such that z = 0, namely the points lying in Q^. 

At a point (x, ip) of Q^, the action of §^ can be linearised under the decom- 
position 

W^C — T[^,ip]Q£, ffi {H ^(^) Xgi C)[2;_<^] 

by 

'id 0^ 

It implies that the sum of weights is 1. □ 

Remark 4.6. This is (modulo Nw^) the smallest nonzero sum of weights we can 
expect. When the assumptions of Theorem \4.1\ are fulfilled, the Floer cohomology 
of a Lagrangian suhmanifold is 2-periodic. 

We will use Seidel's theorem in the next section in order to get obstructions 
to the existence of Lagrangian submanifolds into a symplectic cut. To apply 
Seidel's theorem to the symplectic cut, we have to check the following : 
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Proposition 4.7. The symplectic cut is geometrically bounded in the sense 
ofW- 

Proof. Recall (see [HI) that a symplectic manifold without bomidary [W^uj) is 
geometrically bounded if there exists on W an almost complex structure J and 
a complete Riemannian metric g such that: 

a) J is uniformly tamed by w, that is there exist strictly positive constants a 

and /3 such that: 

uj{X, JX) > a g(X,X) 

and 

\uj{X,Y)\<p\\XUY\\g (5) 

for aU X,Y e TW . 

b) There exist an upper bound for the sectional curvature of {W, g) and a stricly 

positive lower bound for the injectivity radius of (W,g). 

We also recall that the cotangent bundle (r*y,Wcan) of a closed manifold V 
is geometrically bounded. To see it, we can choose a metric g on T*V induced 
by a Riemannian metric on V and an Wcan-tame almost complex structure J 
homogeneous with respect to uniform dilatations in the fibres. We can choose 
for example the almost complex structure induced by the Levi-Civita connection 
(as in [n] and [10]). 

The product of (T* V, Wcan) with (C, ojstd, Jstd, ffstd) is then also geometrically 
bounded. 

When V is endowed with a free circle action, one can choose a Riemannian 
metric on V which is invariant by the action of the circle. The metric on the 
product r*F X C is then also invariant for the induced Hamiltonian action so 
that we get by restriction the upper bounds and lower bound of a) and b) on the 
level H~^{£^). Taking the quotient, the metric and the almost complex structure 
induced on satisfy a) and b), so that is geometrically bounded. □ 

4.2 Simply-connected embeddings 

For a monotone Lagrangian embedding of a simply connected manifold in a 
symplectic cut, we have the following topological obstructions: 

Theorem 4.8. Let B be a compact manifold of dimension d — 1 with d > 2. 
Let e be an element of H^{B\'L) such that e is not trivial on n2{B) and 2e = 
in H'^{B;Z/N) for an integer N > 2. 

Let — > B'^^^ be the principal circle bundle with Euler class e. 

We denote by W a monotone symplectic cut of T*V (that is a symplectic cut at 

a negative level). 

If N > d + 2 or N = d + 2 with d odd, there is no compact and simply connected 
Lagrangian submanifold in W . 

If N = d + 2 with d even, the Z,/2- cohomology groups of a compact and simply 
connected Lagrangian submanifold in W are isomorphic to those o/CP'*/^. 
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Proof. If 2e = in H'^{B, Z/N) for some integer N > 2, N divides 2iVe, so that 
2iVe = 2Nw > 2. 

Let L be a compact and simply connected Lagrangian submanifold in W. 
By Remark l3.1l (ii), its Maslov number in the symplectic cut W is Nl — 2Nw, 
and in particular Nl > 2. Applying Theorem 14.11 the Floer homology of L is 
well defined, graded by Z/N and 2-periodic. 

If moreover N > d + 2, then Nl > d + 2 and we can apply Oh's theorem: 
the Floer homology of L is isomorphic to the ordinary cohomology of L with 
coefficient in Z/2: 

HF{L, i) = H'{L; Z/2Z). 

i 

This leads to a contradiction with the 2-periodicity if > d + 3 (see Figure HTTj) : 
and ii N = d + 2, the periodicity implies that the cohomology groups of L are 
isomorphic to the cohomology groups of CP''/^ for even integer d and are trivial 
if d is odd, which gives an other contradiction. 

A^EE 




Figure 4.1: the Floer homology of L when Nl > d + 2 

□ 

4.3 Lagrangian submanifolds of the cotangent bundle 

Let L be a compact Lagrangian submanifold in T*V. Then, for |^| large enough, 
it lies in H^^{£^; +oo) and hence can be embedded as a Lagrangian submanifold 
of the symplectic cut W^. Such a ^ being now fixed, we will omit the indices ^ 
in the following. 
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4.3.1 Monotonicity of a Lagrangian submanifold of the cotangent 
bundle into the symplectic cut 

In order to understand under which conditions L can be monotone in W , we 
need to know its Maslov class in W . In the following, we will relate this class 
to the Maslov class of L in T*V . 

Remember that the cotangent bundle T*V oi V \s & symplectic manifold 
the first Chern class of which satisfies 2ci{T*V) = in H"^ {T*V ^l) . As 
already noticed in Section 14. 1[ this implies that there exists a Maslov class 

^ G i7^(A(T*y); Z) that extends the ordinary Maslov class on each fibre of 
K{T*V) T*V. The Maslov class fil'^ G H'^mZ) of a Lagrangian submani- 
fold L mT*V can then be defined as the puUback: 

The formula connecting the Maslov class oi L in W to that of y in ly and 
that of L in T*V is the analogue of the formula given by Lalonde and Sikorav 
in [U]. We use their notations and denote by i the embedding of L in T*V and 
/ the composition of this embedding and of the projection of T*V on V. 

L—^T*V 

Pv 

V 

We use the long homotopy exact sequence associated with the triple {W, T*V, L): 

Tr2{T*V,L) ^TT2(W,L) TT2{W,T*V) 7Tl{T*V,L). 

The projection is a homotopy equivalence between T*V and V, so that Tr2{W, T*V) 
is isomorphic to 7r2(VF, V) and the composition of this isomorphism with the map 
TT2{W, L) — >■ TT2{W, T*V) is a map that will be denoted /^^ (it is actually (id, /)*). 
We can now write the formula: 

Lemma 4.9. If d : t:2{W,L) — >■ 7ri(L) denotes the boundary map, 

W W c , T'V Q fcy\ 

Proof. Let w : (D^,S^) — ?> (11^7^) be a disc with boundary on L. The map 
7r2(W, L) — )- TT2{W, T*V) associates to the class of w seen as a disc with boundary 
in L the class of w seen as a disc with boundary in T*V. Thanks to the retraction 
in the fibres of the projection pv : T*V ^ V, we have a homotopy h between dw 
and pv{dw) and we can describe the image of the class of w by the isomorphism 
■7r2{W,T*V) — > n2{W,V) as the class of the disc w = w^h obtained by gluing 
w and h (see Figure H?^ . so that /^[w] = [w]. 
Since h takes value in T*V, the difference 

Ml [w) - My ° = (w) - fly [w) 
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Figure 4.2: w obtained by gluing w and h 



is simply the Maslov class in T*V of the boundary of h (seen as a map of 
[0, 1] X [0, 1] in T*V) namely the difference between the Maslov classes in T*V 
of the boundaries of w and of w. And u; is a loop in the zero section V of T*V, 
therefore its Maslov class vanishes and we have: 

□ 

In order to prove the monotonicity of L, we need a similar formula for the 
class of the symplectic form. With the notations of the previous proof, this 
relation can be written: 

/ w*ujw = / w*ujw + / {dwyX (7) 

where A is the Liouville 1-form of T*V. 

Indeed, we have w = w^h, hence 

/ W*UJiy + / h*UJw 
JD^ J[0,l]x[0,l] 

/ w''ujw+ [ {j)v{dw)y\- [ (dwyx 

But pv{dw) is a loop in V, and V is exact in T*V, hence the integral /gi {pv{dw))*X 
is zero. 



Corollary 4.10. Any exact compact Lagrangian submanifold with zero Maslov 
class in the cotangent bundle of V can be embedded as a monotone Lagrangian 
submanifold in a symplectic cut ofT*V (for some negative level S,)- 
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Proof. If we restrict to the case of a Lagrangian submanifold L of the cotangent 
bundle that is exact and with zero Maslov class, the monotonicity of V (Theo- 
rem [331) implies the monotonicity of L in as ([5]) and (O can then be written: 

for any disc w:{D^,S^)^ {W, L), 

Mr(H) = ^^V{f4M) = t^vim, (8) 



□ 



w ojw = w ojw 

D2 Jd^ 



4.3.2 Exact compact Lagrangian submanifolds of the cotangent bun- 
ble 

Verification of the assumptions of Seidel's periodicity theorem 

We verify now if Theorem 14.11 can be applied in the symplectic cut to the 
compact exact Lagrangian submanifolds of the cotangent bundle with vanishing 
Maslov class. 

We have recalled in Section 14.3.11 why we can define a Maslov class /i^ ^ S 
H\A{T*V)]Z). We will denote by (^^*^)^ e H\A{T*V);Z/N) the mod- 
ulo N reduction of /i^ ^ . As the embedding of H^^{^, +oo) in is symplectic, 
we have an embedding 

iA:A(F-i(e,+oo))^A(VK) 
and if 2ci{W^) = in H'^{W^;Z/N) (namely, if 2e = in H^{B; Z/N)), then 

/|A(H-i(«,+oo)) 

Thus, if L is a Lagrangian submanifold of H^^{^, +oo), 

/ w\* N (■ T*v\* N 



( T'v\* / ■ \* N 

[Jl ) («a) M 



Hence, (7]^)*M^ is the modulo N reduction of the Maslov class (7^^ ^) ^ 
of L in T*V. 

In particular, if L is exact, (7]^) fJ.^ is zero in H^{L; Z/N). 



Simply connected Lagrangian submanifolds 

Simply connected Lagrangian submanifolds are exact, in particular Theorem l4.8l 
applies, so that we have 
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Theorem 4.11. Let B be a compact manifold of dimension d — 1 with d > 2. 
Let e be an element of H^{B,'Z) such that e is not trivial on ■n2{B) and 2e = 
in H^{B;Z/N) for some integer N > 2. 

Let — > B'^~^ be a principal circle bundle with Euler class e. 

If N > d + 2 or N = d + 2 with d odd, there is no compact simply connected 

Lagrangian submanifold in T*V . 

If N = d + 2 with d even, the cohomology groups with coefficients in Z/2 of a 
compact and simply connected Lagrangian submanifold of T*V are isomorphic 
to those ofCV/'^. 

The case B simply connected 

Lalonde et Sikorav proved in [T3] that if L is an exact Lagrangian submanifold 
of T*V, then the index of /^(7ri(L)) in tti{V) is finite. In the case B (and 
hence W) is simply connected, Seidel's theorem (its simplified statement, see 
Remark |4.2|I gives: 

Theorem 4.12. Let — > B'^~^ be a principal circle bundle with base a com- 
pact and simply connected manifold B and with nonzero Euler class. 
Let L be an exact compact Lagrangian submanifold in T*V . We assume that its 
Maslov class in the cotangent bundle is zero. 
Then, if m denotes the index o//^,(7ri(L)) in t:i{V), 

(i) m divides Ne where Ne the nonnegative generator o/ (e, 7r2(i?)) C Z; 

(ii) 2m<d + 2. 

For the proof of Theorem 14. 121 notice first that: 

Remarks 4.13. 1) Let — > B"^^^ be a circle bundle with base a compact 
and simply connected manifold B. 

If Ne is the nonnegative generator of the subgroup {e,'K2{B)) o/ Z, then 
■ni{V) = li/Ne- In particular, 'Ki{V) is cyclic. 

2) If L is a compact exact Lagrangian submanifold of T*V with B simply 
connected and if m is the index o//^(7ri(L)) in t:i(V), then the quotient 
7ri(y)//^(7ri(L)) = Z/m is also cyclic. 

To see 1), one can compute tti{V) with the long exact sequence associated to 
the fibre bundle V ^ B: 

n2iB) ^i(§i) 7:i{V) ^i(B) = {0}. 

As the image of the map tt2{B) — > 7ri(§-'^) is A^eZ, tti{V) ^ Z/A^e (so that we 
could have seen in this case that V is monotone in W thanks to Remark l3.2p . 

Proof of Theorem \JJ^- By Formula ®, AtzT = A^v ° /*• As the image of 
/j, : TT2{W,L) — > TT2{W,T*V) is mZ (because the index of /*(7ri(i)) in tti{V) is 
m) and is the multiplication by 2, the Maslov number of L is A^^ — 2m. 
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We also know that Nl divides 2Nw = 2Ne (Remark [231 7 so m necessarily 
divides Nf, and we have (ii). 

Eventually, liN^ > d+2, then first, Nl > 2 so that we can consider the Floer 
homology of L and secondly the assumptions of Oh's Theorem (Theorem 14. 3p 
are fulfilled, so that the Floer homology is isomorphic to the cohomology of the 
subnianifold: 

HF{L, i) = H' iL; Z/2Z). 

i 

By Theorem 14.11 and Proposition 14.51 as W is simply connected and as 2m 
divides Nl and 2N\y, the Floer homology of L is graded by Z/2to: 

HF\L,L) = H\L]1/2) 

and by Proposition 14. 5[ must be 2-periodic. In the case when Nl > d + 3, this 
periodicity is in contradiction with Oh's theorem. 

Corollary 4.14. Under the assumptions of Theorem \4.1'2\ if 2Ne > d + 2, then 
H^{L;'L/Ne) ^ {0}. In particular, L cannot be simply connected (conclusion 
already contained in Theorem \4-.ll^ . 

Proof. If 2Ne > d + 2, as 2m < d + 2 by Theorem BT^ the index m of /*(7ri(i)) 
in TTi{V) is strictly smaller than the cardinal Ne of the group tti{V). Hence, the 
subgroup fi,{'Ki{L)) is not trivial, fi, is a nonzero homomorphism from 7Ti{L) to 
Z/Ne and H^{L; l/N^) ^ {0}. □ 

Applied to the lens spaces. Theorem 14.121 and Corollarv l4. 141 give the follow- 
ing: 

Proposition 4.15. If L is a compact exact Lagrangian submanifold with zero 
Maslov class in the cotangent bundle of a lens space Lp""*"^, then the quotient 
7ri(y)//j,(7ri(L)) is cyclic and its cardinal, namely the index of fi,(Tri{L)) in 
TTi{V), is less than or equal to n + 1 and divides p. 

In particular, if p is a prime number strictly greater than n + 1, then this index 
is equal to 1. 

Proof. In the case of the lens spaces V = L"^^"^ . B = CP" is simply connected 
and Ne = p. The conclusion of Theorem 14.121 can be written: m divides p and 
2m < 2ri, + 3. Because of the parity, the case 2m = 2n + 3 cannot be realised, 
and finally we have m < n + 1 . 

In particular, if p is a prime, m is equal to 1 or p and if p > n + 1, then 
necessarily m = 1. □ 

Corollary 4.16. Let L be a Lagrangian submanifold in the cotangent bundle of 
a lens space for a integer p such that p > n + 1. Then H^{L;'Llp) ^ {0}. 

In particular, L cannot be simply connected nor with finite fundamental group 
of cardinal q with gcd(g,p) = 1 

But in the case the fundamental group of V is cyclic, the following can be 
directly proved without using the symplectic cut of the cotangent bundle 
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Theorem 4.17. Let — > B'^~^ he a circle bundle with basis a compact simply 
connected manifold B. 

Let L he a compact exact Lagrangian submanifold of T*V . 
Then the map induced by f: 

f. : ML) ^ TTiiV) 

is surjective. 

Proof By RemarkOl 1), tti{V) = Z/N^ is a quotient of tti{§^) = Z. 

To any abelian subgroup mZ/Ne C Z/A^e {m a divisor of N^) is associated 
a finite cyclic covering with m sheets V ^ V. The restriction of this covering 
to each fibre of the bundle V B is just the path-connected covering with m 
sheets of In particular, if we lift the circle action p{u) on V (for u E in 
a flow p{u) on V (for u G R), then p(l), the flow at time I, is a generator of the 
covering group oi V ^ V. 

If we consider the associated covering T*V — > T*V, the generator of its 
covering group (denoted by x) is isotopic to the identity through an Hamiltonian 
isotopy. Now, assume that j : L T*V is an exact Lagrangian embedding such 
that the image j,t(7ri (L)) is a subgroup mZ/Ne with m > 1. This embedding can 
be lifted to embedding j : L ^ T*V. and it has the property that x{j{L))r\j{L) 
is empty. As we know that x is Hamiltonian isotopic to the identity, we get a 
contradiction with the result of Gromov and Floer on the exact Lagrangian 
submanifolds. Consequently, m = 1. □ 

Let us consider now the monotone Lagrangian embedding of some particular 
manifold in the symplectic cut. We begin with the spheres. 

4.4 Monotone Lagrangian embeddings of spheres 

Theorem 14.81 applies of course in the case of an embedding of sphere, but there 
exists even more obstructions in this case: 

Theorem 4.18. Let B be a compact manifold of dimension d — 1 with d > 2. 

Let e be a nonzero element of H'^(B]'L) such that e is not trivial on 7r2(i?) and 

2e = m i?2(B; Z/iV) for an integer N > 2. 

Let — > B'^^^ be a principal circle bundle with Euler class e. 

We denote by W a monotone symplectic cut of T*V . 

Lf N > d + 2 or if N < d + 2 and N does not divide d + 1, then the sphere S"^ 
cannot be embedded as a Lagrangian submanifold ofW, except possibly if N — 4 
andd= 2[4]. 

Proof As in the proof of Theorem EH N divides 2Ne = 2Nw As d > 2, 
the sphere L = S'^ is simply connected and hence exact with Maslov number 
Nl = 2Nw = 2Ne > 4. By Seidel's periodicity Theorem (Theorem ST]), the 
Floer homology of L is well defined, graded by Z/N and 2-periodic. 

We then use the following lemma which gives us the Floer homology of the 
sphere for some values of N\y- 
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Lemma 4.19. Let W be a symplectic monotone manifold of dimension 2d 
(d > 2), with first Chern number Nw > 1? admitting a sphere Ef^ as La- 
grangian submanifold. 

Then the Floer homology of the sphere Ef^ is well defined and if 2Nw does not 
divide d+\, it is equal to its ordinary cohomology: 

HF{§'^,§,'^) = 0i7'=(§'';Z/2) 

If N does not divide d+1, then 2Nw cannot divide d+l, and by Lemma l4.19i 
the Floer homology is isomorphic to the ordinary cohomology. This is in con- 
tradiction with the 2-periodicity, except in the case = 4 and d = 2[4]. □ 

Proof of Lemma \4-19\ As the sphere L = S'' is simply connected for d > 2, 
it is monotone and Nl = 2Nw > 2. Thus, the Floer cohomology of L is well 
defined. 

If Nl > d + 2, we can directly apply directly Oh's theorem (Theorem 14. 3|) 
and the Floer cohomology of the sphere is equal to its ordinary cohomology. 

To extend this result in the case Nl < d+2, we look precisely at the proof 
of the theorem of Oh. 

First, Oh defines a local Floer homology which is isomorphic to the Morse 
homology of L: given a Darboux neighbourhood U of L and an isotopy $ 
sufficiently close to the identity so that ^i{L) lies in U, the local Floer homology 
is defined with the same complex than the "global" Floer homology, but the 
differential counts only the solutions of Floer's equation that lie in U. 



U 




Figure 4.3: A solution u that does not leave the neighbourhood U 

We can restrict ourselves to a Hamiltonian isotopy constructed with the 
help of a Morse function f : L ^ R on L: as J7 is symplectomorphic to a 
neighbourhood of the zero section in T*L, we define an Hamiltonian on U by 



29 



defining it on T*L by the composition of / and the projection tt of the cotangent 
bundle: 

H : T*L M 

P ^ .f{T^{p)) 

If / is sufficiently C^-small, the Haniiltonian isotopy defined by H is sufficiently 
close to the identity and if / is sufficiently C^-small, we can even define an 
isomorphism between the local Floer homology and the Morse cohomology (see 
[20] and [U]). 

We can then extend H to the whole manifold W by setting it equal to zero 
out of (a neighbourhood of) U . Now, in order to prove the same result for the 
("global") Floer homology (and thus the theorem of Oh), it remains to see that 
when (f> is close enough to the identity (/ is enough C^-small), all the solutions 
of Floer's equation that appear in the definition of the differential (i.e. the J- 
holoniorphic strips between L and $i(L) with Maslov class equal to 1) stay in U. 

Assume that a solution u "gets out" of U. 




Figure 4.4: A solution u that leaves U 

We can glue to w a small strip v : [0, 1] x [1,2] ^ U C W in U between L 
and ^i{L) so that we get a disc w : [0,1] x [0,2] W with boundary on L. 
The fact that the solution u does not stay in U implies (see Proposition 4.1 of 
|20) ) that the symplectic area / w*uj of w is positive. The monotonicity of L 
then implies that Hhiw) > 0. 

But the Maslov classes of the strips satisfy: 

IIl{w) = fJ.u{x,y) - fiv{x,y) = 1 - fiv{x,y) 
and since w is a small strip between L and <i>i(i), its Maslov index is (see also 

my- 

lJLv{x,v) ^ ind/(j/) - ind/(a;) > -dim(i), 
where ind/(a;) is the Morse index of x for the function /. 
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Hence, ^l(w) = fJ-u{x, y) - fiv{x, y) = 1 - ( ind/(y) - ind/(x)) <l + d. 

But hl{w) > and by definition of the Maslov number, Nl divides ijll{w). 
We get here the (i) of Oh's Theorem: if Nl > d + 2, all the solutions stay in U 
and the Floer homology is the Morse cohomology. 

Here we are interested in the case when i = S'^ and we can choose for the 
Morse function / on L the "height" function which has only two critical points: 
a minimum of Morse index and a maximum of Morse index d. 

In this case, in order to have IjLl{w) > and dividing ijll{w), it is 
necessary that fiL{w) = I + d. 

In consequence, if Nl < d + 2 and does not divide d + 1, all the solu- 
tions stay in U, and the Floer homology is equal to the local homology, which 
is isomorphic to the ordinary cohomology. □ 



4.5 Monotone embeddings of tori 

The case of a monotone Lagrangian torus in a symplectic cut gives one more 
example of monotone Lagrangian torus with Maslov number equal to 2. This is 
a result analogous to the result on monotone tori in C" (see pi I12|). 

Theorem 4.20. Let — !■ B"^"^ be a principal circle bundle with basis a com- 
pact simply- connected manifold B and non-vanishing Euler class. 
Denote by W a monotone symplectic cut of T*V (that is a cut at a negative 
level). 

Assume that a torus i : T"^ ^ W is embedded in W as a monotone Lagrangian 
submanifold with non trivial Maslov class. 
Then the Maslov number of T is equal to 2. 

Proof. By 12.61 W is monotone and its first Chern number is Nw ~ N^. where 
Ne is, as before, the Euler number of the circle bundle —J- B'^^^. 

The torus being oriented, its Maslov number N is even and greater or equal 
to 2. Moreover, as T is assumed to be monotone in W, the Floer homology of 
the torus T is well defined. By the periodicity theorem of Seidel (Theorem l4.ip . 
this homology HF{T, T) is (absolutely) graded by I^/N and is 2-periodic for 
this grading. 

Let us assume that > 3. We will get a contradiction by studying Oh's 
spectral sequence [201, and more precisely the description of this spectral se- 
quence given by Biran. 

Let A = Z/2[T, T^^] be the algebra of Laurent polynomials over Z/2 in 
the variable T. We define the degree of T to be Nl. Then A = A' where 

A' = Z/2T'/^^ if i is a multiple of Nl and A' {0} otherwise. 

Theorem 4.21 (Biran [6]). Let {M,uj) be a geometrically bounded symplectic 
manifold and L be a monotone Lagrangian submanifold of {M, ui) with Maslov 
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number Nl > 2. 

There exists a spectral sequence {E^''^,dr} satisfying the following properties: 

(1) For every r>0, Ef/i can be written EP^i = ® A^^^ with dr^5r® Tr, 

where Tr is the multiplication by , V^''^ are vector spaces over Z/2, 
Sr ■ Vf''^ — > yT>+^>i-'''+^ are homomorphisms and satisfy 6^ o 5^ = 0. 
Moreover, 

(2) For r=l, V[''^ = (L; Z/2); 

(3) {EP'"^, d,.} collapses at the v + 1 step, where v — [ '^""ff "'""'" ] o,nd the spectral 

sequence converges to HF{L, L), that is 

p+q=i 

(4) For every p G Z, 

^EPJ = HFiL,L). 

Moreover, Buhovski jS] has endowed this spectral sequence of Biran of a 
multiplicative structure: 

Theorem 4.22 (Buhovski, [8]). The spectral sequence of Theorem \4-. 2 1\ can be 
endowed with a multiplicative structure, that is, for every r > 1, there exists a 
product 

rur : EP''i ® EP'^"' — > EP+p' 

such that the differential dr satisfy the Leibniz rule with respect to this prod- 
uct. Moreover, this structure coincide on Ei with the usual cup product on the 
cohomology H*{L;'L/2). 

In the case of the torus T in W , the differential at the first page is: 
,5i : RP+'^-P^ {T--L/2) — > iJP+i+''-(P+i)^(T; Z/2). 

In particular, if p = and g = 1, (5i : iJi(T;Z/2) ^ H^-^{T]1/2) and 
hence, if TV > 3, 5i vanishes on V^'^ . The cohomology of the torus is generated 
as a ring by the elements of i?^(T;Z/2), so that the Leibniz rule for 5i with 
respect to the cup product implies that 5i is zero. 

Consequently, Kf'"? = Vf'"^ = Rp+i-p^'' ij; Z/2). But for r > 2, 6r decreases 
the degree by rN — 1 > 3. We get by induction Sr ^ and Ei = E2 = ... = 
Er = E^ = RF{T,T). 

Eventually, RF{T,T) = iJ*(T;Z/2). By Seidel's Theorem, we know that 
the Floer homology is graded by Z/N and 2-periodic. This can be written: for 
every j G Z, 

0i7J+'^'^(T;Z/2) = 0i/J+2+'^-^(T;Z/2). 
feez feez 
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At the dimension level, this equality can be written: for every j S Z, 



V 7 + kN ^ V ?■ + 2 + kN 

(with the convention = if fc ^ {0, . . . , d\). 
This means, denoting for j E {0, . . . , — 1}, 



that : 



50 — S2 — ■ ■ ■ — 

51 = S3 = . . . = Sn-1- 



As A^ is even, A^ = 2m, and we sum the Sj for the even indexes j: 



£=0, icvcn 



•^O + <5'2 + • • • + S2m-2 — 

and for the odd indexes j: 

•S*! + 53 + • • • + 52m-l — E/ 



-.d-i 



£=0, £odd 



and we get that mSn = m5i = 2^* ^. All the Sj are thus equal and for every j 
in Z, Af5j = 2''. 

Note that, for a fixed A^, if the property 

foreveryjeZ,Ar^f^.^^^J=2^ (9) 



is verified for d = do > 2, then by induction, using Pascal's rule, the property 
is verified for every d > d^. 

In order to get a contradiction, we prove that for every do > 2, there exists 
d > do such that A^5o 7^ 2'^. For this purpose, we give an other expression of Sq. 

Let C = cxp(2^) be a primitive A^-root of the unity. Expanding (1 + C'^)'^ 
for k G {0, . . . , A" — 1}, and then summing up using the equalities: 
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where ^ is a TV-root of the unity, we get: 
NSo = 5^(1 + C')' 

A:=0 

= 2^*+ ^(1 + 
fc=l 




For do > 2, choose d > do a. muhiple of 2N. Then cos = 1- fo^' 

TT fcTT (TV — l)7r TT , / /cTT \ 

A: e {1, . . . , TV - 1}, < — < — < -^^ — < - and cos — > 0, this 

TV-TV- TV 2 \N J 

impHes 

|'-(f)(»(^^))'>o 

and 

TVS-o > 2'*. 

The Floer homology of the torus is thus not 2-periodic and hence N ~ 2. □ 

Remark 4.23. We can also prove this result using instead of Biran's spectral 
sequence endowed with Buhovski 's multiplicative structure the dichotomy of Bi- 
ran and Cornea J7^: the Floer homology of a monotone Lagrangian torus in a 
symplectic manifold is either trivial or isomorphic to its ordinary cohomology 
and in the case the Floer homology is trivial, the Maslov number is 2. The proof 
above gives that the Floer homology cannot be isomorphic to the ordinary coho- 
mology, so that the Floer homology of the torus must be trivial and its Maslov 
number is 2. 



4.6 Monotone embedding of the product of two spheres 

Other examples of manifolds for which the cup product structure is interesting 
are the product of spheres §^ x S™: 

Theorem 4.24. Let — > W^^^ be a principal circle bundle with basis a com- 
pact simply connected manifold B and non vanishing Euler class. 
Denote by W a monotone symplectic cut of T*V . 

Assume that a product of two spheres x S™ (for 1 < £ < m, £ + m ^ d) can 
be embedded in W as a monotone Lagrangian submanifold and that its Maslov 
class is not zero. 

Then its Maslov number is less then or equal to m -\- 1 except when £ = 1 and 
m — 2 or when £ — A and m ~ 6. 



34 



Proof. By Kunneth Theorem, the ordinary cohomology (with Z/2 coefficients) 
of L = §^ X S"" is, when £ < m: 



and when £ = m: 



Z/2 i{k = 0,£,m,t 
{0} otherwise, 



Z/2 iffc = 0,2m 
H''{L;Z/2) ^ { Z/2 ©Z/2 if fc = m 
{0} otherwise. 

As in the case of the monotone torus, the Floer homology of L is well defined, 
absolutely graded by Z/N, if N is the Maslov number of L, and is 2-periodic 
for this grading. 

At the first page of the spectral sequence, for p = 0, the differential 

,5i : iJ«(T;Z/2) ^ H'^+^-^ {T;Z/2) 

is trivial if > m + 2, so that Si is zero on V^''' for q < m. We investigate if 
^1 : V]"''' — )• V^'"^ can be non zero for q = ^ + m. But _ff^+'"(T; Z/2) is generated 
by i?^(T;Z/2) and i7™(T;Z/2), and as for the torus, the Leibniz rule for 5i 
with respect to the cup product implies that 5i is zero. Analogously, 5i is zero 
on every Vi''' . 

Consequently, T^/'"? = V^''' = H'p+i~p^^{T-Z/2). But for r > 2, (5^ decreases 
the degree by rN — 1 > q + 1. We deduce by induction that (5^ = and 
El = E2 = ■■■ = Er = Eoo = HF{L, L). 

Eventually, HF(L,L) = H*{L;Z/2). As this Floer homology must be 2- 
periodic, if ^ < m and A^ = m + 2, this is possible only when m = 2 (and £ = 1) 
or when m = 6 and £ = 4. 

If £ < m and A^ > m + 2 or if £ = m, the Floer homology cannot be 
2-periodic. □ 



Appendices 

A Complement to proofs 

A.l Complement to the proof of Lemma 13.41 

We give here the construction of the map $ : tti (§^ ) tt2 {W, V) fitting in the 
following commutative diagram: 

TT2{V) TT2 [B) ^ TTl (S^ ) ^ TTj {V) ^ ^1 {B) ^ 

7^2 {V) ^ 712 {W) ^ 712 {W, V) ^ 7ri {V) ^ TTl {W) ^ 
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Denote by a;o the base point for Tri(V), bo its projection on B and consider 
the fibre of 60 G B C Q for the complex line bundle W ^ B. Adapting the 
definition of the diffeomorphism between C and the symplectic cut of T*§^ in 
Example of Section [TJ we can describe a symplectic diffeomorphism between 
C and the fibre of h^: 

ic : C — ^ W 

z I — > [xQ,{i+ \\z\'^) axa,z\ . 

The image of the disc of C centered at the origin and of radius -y/— 2^ is a disc 
in W with boundary in V , since V is embedded in T*V as the zero section and 
in W by: 

V — > W 

and if z = ^/~2^u with u G then ic{z) = [a:o,0, \/—2^u] = [u ■ xo,0, -\/— 2^J 
lies in the image of V in W. 

Notice also that the center of the disc is mapped on the image of bo in W: 
*c(0) — [xo,£_axo,0] (indeed, B is embedded in Q by [x] i-> [xj^a^;] and Q is 
embedded in W by [x,ip\ H- [a;, 1^9, 0]). 

In order to define $, it is enough to give the image of the generator defined 
as the class of the loop 1 1-> e~^"* in tti (S^). We map this generator on the disc 

z ' — > [xo,{^+^\z\'^)a^„,z] 

of W with boundary in V which is the image by ic of the disc of radius -\/— 2^ 
of C. Let us check that this map $ makes the diagram commute. 

The two "side" squares 

MV) ^MB) and TT2{V) ^ MB) 

7ri(F) ^TTl{W) TT2{V) ^7T2{W) 

are naturally commutative as the homotopy equivalence between B and W is 
given by the projection o p^- 

The square 

4 = 

is commutative by construction of $. Indeed, the image of the generator 
t i~-> e^^''^* of 7ri(§^) by the inclusion of §^ in the fibre of .tq is m 1— > m • xq 
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and the image of the class of (j) by the boundary map is the class of u 
[xq, 0, 2j u] = [u ■ xq,0, a/— 2^J which describes the loop u i— > u • of y in 
W. 

Finally, the square 

TT2{B) ^7ri(Si) 

is also commutative. The long exact sequence associated with the bundle V ^ B 
corresponds to the exact sequence of the pair (V, S^) where TTi{V, and TTi{B) 
are identified by the isomorphism tt-i, and the map 7r,;(V, S^) ~ T^i(B) — > 7ri_i(S^) 
is the boundary map. 

If w : — >■ i3 is a sphere of B with w(l) = foo, we can lift it to a disc v of 
V with boundary in the fibre of feo (hence 7r(u) = w) such that v{l) = a;o. The 
class of V in 7r2(y, S^) is then the image of the class of w under the isomorphism 
TT2{B) ^ 7r2(V,§^). Hence the image of the class of w by the map tt2{B) — > 
7ri(§^) is the class of the boundary dv of v and its image by the composition 
TT2{B) — >■ 7ri(S^) — )■ TT2{W, V) IS the disc constructed from the loop dv of 

by extenting it to a disc in the fibre of bo. 

On the other hand, the image of the class of a sphere w of i? by the map 
TT2{B) — >■ TT2{W) is the class of w after the embedding of B in W and the image 
of the class of a sphere w of by Tr2{W) —?■ tt2{W, V) is simply the class of w 
considered as a disc with boundary in V. 

In order to verify that the diagram commutes, it is enough to check that in 
772 (W, V), the class of this sphere w is the class of 

As the disk v (the lift of the sphere w of B) lies in V, its class in tt2{W, V) 
is trivial. As a consequence, the class in tt2{W, V) of the disc obtained by sum 
of V and of $(9u) and denoted v^^{dv) is 

[w#$(aw)] = [<^>{dv)]. 

But V and $(5w) have the same boundary, hence v^^{dv) is a sphere represent- 
ing an element of t:2(W). In consequence, we already know that the element 
[$((9u)] of TT2{W, V) is the image of an element of tt2{W). We still have to prove 
that v^^{dv) is homotopic to the sphere w in W. But for this purpose, it is 
enough to see that their image by the projection o (which gives the ho- 
motopy equivalence between W and B) are homotopic in i3. As w takes value 
in V, op^(w) ~ 7r(u) = w and opj($(9u)) = bo in B (recall that $ is 
constructed such that the image of a loop is in the fibre of bo). Eventually, 
9C ° P^iv^f^idv)) = w^bo which is homotopic to so that the last square is 
commutative. 
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A. 2 Proof of Proposition [4^41 

The manifold W being connected, it is enough to check that if x and y are 
two critical points such that there exists a trajectory of the gradient (of the 
Hamiltonian H associated with the Hamiltonian circle action) connecting these 
points, then 

w{x) = w{y)[Nw] 

where u;(a;) denotes the sum of weights at the critical point x. 

If X and y are two such critical points, we can construct a (gradient) sphere 
in W having these points as poles. We will get the result by studying the 
relationship between the first Chern class of this sphere and the weights of the 
action at the poles. 

Let be a gradient trajectory connecting these two points x and y. It 
means that ip* satisfies 

— ^ -grad^tiJ, 

lim (p^ ~ X and lim (p^ = y. 

In order to build the gradient sphere, we consider the trajectories (^^ obtained 
from (y9* by action of S"*^ . namely if u G §^ . then 

Let us prove that, for u f*^ is also a trajectory of the gradient. 

We have (still denoting by p the action) 

To conclude, it is enough to check that T^t p{u) gv&d^t H = grad^.^ti? or more 
generally that, for all point z of W, Tzp{u) grad^T? = grad„.^7?. This is true if 
we choose a metric g oriW which is invariant for the action of §^ . 

We have moreover lim (m • (/3*) = u • ( lim p*) = u ■ x ~ x (as x is a critical 

t—^ — oo i— > — CXD 

point of H, it is a fixed point of the action) and similarly, lim u ■ p* = y. 
We can extend the "cylinder without boundary" 

§1 X M ^ W 

(u, t) H- 5- U ■ p^ 

to S"'^ X [— c», +00] — > ly by the limits x and y respectively, and then by quotient 
of the boundaries of the resulting "cylinder with boundary", we get a gradient 
sphere w : §^ ^ W . 
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Figure A.l: A gradient sphere between x and y 



In order to get the first Chern class of the sphere if, we consider the pullback 
by w of the determinant bundle on W: 

w* dct(TW^) ^ dct{TW) 



The projection of the tangent bundle is equivariant under the action of §^ . It 
induces an equivariant projection det(iy) — ?> W. 
Moreover, the map defined by: 

Si X M ^ W 

(it, t) H- > U ■ if* 

is also equivariant if S"'^ acts by multiplication on the first factor of S^^ x R. This 
action can be extended to x [— c», +00] — >■ W and then descends to the quo- 
tient, so that the map w and the projection of the line bundle /* det{TW) — >■ §^ 
are also equivariant. 

But if we decompose the sphere §^ in the union of the two open subset §^ 
and obtained by removing from the sphere respectively the south pole and 
the north pole, we can trivialise this bundle on each of the two contractile open 
sets n% et §?_ : 

/* det(TW^) ^ X C ~ C X C 




(and the same diagram holds for E>t)- 



39 



If w{y) (respectively w{x)) denotes the sum of the weights of the hnearised 
action at the point y (respectively at the point x) , the action of §^ on x C ~ 
C X C can be written: 

and on X C ~ C X C : 

Indeed, the linearised action in the chart C" around x is by definition of the 
weights (m,;(a;))i<,;<„ at the point x: 





H 


\ Vn J 






1 








^ by 



and the determinant of the matrix is u^^^\ 

and §^ X C on their common boundary \zi\ = \z2\ — 1. The gluing map can be 
expressed in terms of the first Chern class: 

$(zi,ci) = (z-i,zr^^^ci). 

The action of must be compatible with the gluing, hence: 

$(u.(zi,Ci)) = w<l'(zi,Ci). 



But 



and 



<f{u-{z,,Ci)) - Huzi,u'"'^y\i) 

= {uz^,{uziy''^^^u'^^y\i) 



u-<f{z,,Ci) = u-iz,,zl''^^\,) 



= {uzi,u^^-hff\i). 

Thus, we necessarily have: ci(/) + w(y) = w{x) and as Nw divides Ci(/), 
wix) = w{y) [Nw]. □ 

B Symplectic cut with semi-free circle action 

We assume in this section that the action of on V is semi-free. It induces 
as in the case of the free circle action on F a Hamiltonian action on T*V of 
Hamiltonian: 

H{x,ip) = {ip,X{x)). 



40 



The fixed points of tlie induced action on T*V sit in tlie 0-level of H. All 
the other levels of H are regular and the action of §^ on these levels is free. 
Consequently, the non-zero levels of H are also regular and we can carry out 
the symplectic cutting at these levels. This time again, we will be interested in 
the symplectic cut at a negative level. 

In the following, we assume that ^ is a negative real number. We want 
to know if in this case, the symplectic manifold (still denoted or W for 
simplicity) is monotone. 

B.l Sum of weights 

The fixed points of the circle action on the symplectic cut described at Sec- 
tion 14.11 are now not only the points of the symplectic submanifold but also 
the fixed points in H^^{]^;+oo[). Moreover, the fixed points for the action of 
the circle on the symplectic cut on the open set H^^QS^; +00 [) are the same as 
the fixed points for the action of the circle on T*V. As we noticed above, these 
fixed points belong to _ff~^(0), and hence are embedded in the symplectic cut 
at the negative level ^. 

In particular, any fixed point of V is after the canonical embedding of V in 
the symplectic cut a fixed point of the circle action on W^. We prove that the 
sum of weights in these points is zero. It is enough to prove this fact for the 
circle action on the cotangent bundle. 

Lemma 4.25. The sum of the weights in a fixed point of the zero section V for 
the action of the circle on the cotangent bundle is zero. 

Proof. We still denote by p the action of §^ on V and we denote by p the action 
induced on T*V: 

§1 X {T*V X C) — > T*V X C 

(u, (x, (/?, 2;)) I > [u ■ X,U ■ Lp^Uz). 

In a fixed point x of V , for every u G 

T,p{u) : T^V ^ T^V 

is an endomorphism of T^V . We choose again an invariant metric g on V . This 
means that Txp{u) is an isometry for the scalar product on TxV given by gx- 
Denote A{u) its matrix in an orthonormal basis for the scalar product on TxV . 

We know that the circle action on T*V is Hamiltonian, in particular sym- 
plectic. By definition, the sum of the weights in a fixed point is the sum of the 
exponents of the variable u ^ Ei^ when we write the matrix of the action in a 
common basis of diagonalisation. In order to prove that the sum of weights is 
zero, it is enough to prove that the determinant of this matrix is equal to 1 for 
every u. 

We express the circle action matrix on T*V in terms of the action matrix 
on V . On the zero section of the cotangent bundle, the tangent space at x can 
be decomposed in: 

T(xfi){T*V)c^TxV®T:V. 
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In the basis obtained by considering the union of the orthonormal basis on T^V 
used to define A{u) and its dual basis, the matrix of Txp{u) is: 

A{u) \ 
A{u) ) ■ 

Hence the matrix A{u) is an element of the orthogonal matrices 0{2d) (as A{u) S 
0{d)) and of the symplectic matrices Sp{2d) (as the action is symplectic). 

Moreover, we can choose for the almost complex structure Jg on the cotan- 
gent bundle the one defined thanks to a Levi-Civita connection for the metric 
on V (as in |TT], [10]). This connection maps the vertical tangent vectors on 
the horizontal tangent vectors. In particular, for the decomposition of the tan- 
gent space at x above, if i> S T^V, Jg{v) = g(w, •), so that the matrix A(u) of 
0{2d) n Sp{2d) ~ U{d) correspond to the matrix A{u) in U{d). 

We already know that det{A{u)) E { — 1; 1} as A{u) is orthogonal. Moreover, 
the map u H' det{A{u)) is continuous and det(A(0)) = det(Id) = 1, so that this 
map is a constant map equal to 1 and the sum of the weights is equal to 0. □ 

B.2 Monotony of the symplectic cut 

In order to study the symplectic cut in the case of a semi-free circle action, we 
will use the manifold Vreg obtained by taking away of V the fixed points. The 
circle acts freely on l^eg and we denote by B^^g = Vfcg/S^ the quotient by the 
action. 

As the action of the circle is semi-free, a consequence of the slice theorem 
(see for instance [3J Theorem 1.2.1]) is that the submanifold consisting of the 
fixed points is at least of codimension 2 and V^cg (and consequently also -Brcg) 
is path-connected. 

The regular levels H~^{a) of H (for a 7^ 0) are, as in the case of the free 
circle action, isomorphic to vector bundles over Vreg (they are isomorphic to the 
vector bundle _ff"^(0)|v/^^ — )• K-cg), hence are deformation retracts of Kog- 

Analogously, the quotients Qa = H^^{a)/E)^, for a 7^ 0, are, as in the free 
action case, fibre bundle over Brcg isomorphic to T*B^cg and hence have the 
homotopy type of i?rog- 

In order to prove that W = is monotone if ^ < 0, we study the 
group H2{W). 
Let 

U = H-\a; +00) and V = H'^^, b) U 

for ^ < a < 6 < (see Figure IB.2[) . These are two open sets of W such that 
UC\V = H^^{a; b), y is a retract oiU (thanks to the restriction of the retraction 
of the cotangent bundle on its zero section), is a retract of V (it is a open 
disc fibre bundle over with projection map the restriction of the one we had 
for W Q in the case of the free action) and U OV retracts on a regular level 
of H, thus has the homotopy type of Vreg- 
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Figure B.2: The union W =U\JV 



We can determine H2{W) by using the Mayer- Vietoris exact sequence for 
the union W = U VJV . The spectral sequence can be written here: 

H2{y) e i?2(Sreg) A H^iW) A i/l(Kcg) A Hi{V) ® i?l(Brcg), 

where /a is the map induced by the inclusion of VJ-og in V and the projection of 

Vrcg on i^rcg- 

If we have a section s of the map 

/2 :i?2(VP^) ^ker/3 

induced by /2, then by Mayer- Vietoris exact sequence, H2{W) is generated by 
the image in H2{W) of H2{V) ® H2{B,^g) ~ H2{V) ® H2{Q) by the map /i and 
by the image of the section s. 

We describe such a section s. We begin with the descripion of ker/3. If 
X & V \s 'A regular point in the neighbourhood of a codimension 2 submanifold 
consisting of fixed points, then the orbit of this point x under the circle action 
is a 1-dimensional cycle in V-^cg whose image in V by the inclusion and image in 
Bi-og by projection are homologous to points. 

We then prove that such cycles in the neighbourhood of the codimension 2 
fixed points submanifolds generate ker/3. On the one hand, by the homotopy 
long exact sequence for the circle bundle Vreg — >■ -Brog, the 1-dimensional cycles 
of T4eg which project on cycles homologous to a point in Brcg are homologous to 
orbits of points of Vrcg for the action of S^. On the other hand, if Vncigh denotes 



43 



a neighbourhood given by the shoe theorem of the fixed points submanifolds 
of V, then the Mayer- Vietoris exact sequence for the union V = Vrcg U Vncigh 
gives that the orbit of a point of T4eg under the action of §^ is homologous to a 
point in V if and only if this orbit is homologous to an orbit in 14ieigh- 

A section s can then be defined the following way. Let xq be a fixed point of 
the circle action on V. The point [xq, 0, V— 2^J S H~^{Q) is then a critical point 
of the Hamiltonian h of the circle action on the symplectic cut (see Section HTTj) . 
Let [x,(p,z] be a regular point in the unstable manifold of [xq,0, ^/^^2^] such 
that a; is in a neighbourhood (given by the slice theorem) of xq. We assume 
that a and b are chosen such that [x, if, z] belongs to W n V. 

The trajectory jt of the gradient of h which goes through [x, ip,z] at t = 
goes to [a;o, 0, -y/— 2^J as t goes to — oo. For t > 0, 7t lies in the disc bundle V 
over Q so that 74 goes, as t goes to +00, to a fixed point q which belongs to 
Q. Letting the circle act on this gradient trajectory, we get a gradient sphere 
with nord pole Xo, south pole q, whose "equator" • 70 projects over • a; in 
Vieg which is a loop around the fixed point xq. This means that we can map 
any cycle around a codimension 2 fixed points submanifold of 1^ to a gradient 
sphere in W and this defines a section s of /2. 

Now, it is enough, in order to establish the monotonicity of W to verify that 
the monotonicity relation is satisfy on the images of H2{U), H2{V) and on the 
gradient spheres in the image of the section s. 

1) The set U is an open subset oiT*V which is symplectically embedded in W. 

For any element c of H2{U), ci{W){c) — and ['-d]{c) = (the form is 
exact on this open set). 

2) If we proceed to the symplectic cutting construction Wj-og at the level ^ for 

the principal circle bundle V^-og — >■ -Brcg, V is a disc bundle sitting inside 
the line bundle Wrog Q(,- We have proved that in the case of a free 
action we have in i/^(Wrcg;K): 

M(c) = -27r^ci(W,eg)(c) - -27reci(V)(c). 

3) Let us look now at the monotonicity for the gradient spheres. Let 7 be a 

gradient trajectory of h between a fixed point of V and a fixed point 
q of Q. The circle action on 7 defines a gradient sphere §^ • 7. Its area is 
equal to: 



where Xh is the Hamiltonian vector field associated to h (see for instance 
m proof of Theorem VIII. 1.1]). Moreover, as 7 is a trajectory of the 
gradient of h, 

— = -grad/i = JXh- 
dt 



As a consequence, 

ixu^= I uj{Xh,JXh) = I \\Xhf 



7 



d'y 
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is equal to the energy of this trajectory, that is: 

M(§i • 7) = 27r(/i(xo) - h{{xg)) = 27r(-e). 

Besides, the Chern class of this sphere is the difference of the sums of 
weights at xq and at q, that is 

ci(§^ • 7) = w{q) - w{xo) = 1 

(see Sections l4.ll IA.2l and lB.l[) . so that the gradient sphere satisfy 

M(c) = -2<ci(V)(c). 
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